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ITOROHJCTKMI 


At  present^  the  design  of  coapensatlcxi  networks  for  linear  feedback  control 
systems  Is  very  often  more  of  an  art  than  a  science.  To  those  somewhat  un* 
familiar  with  the  field,  there  may  seem  to  be  a  certain  amount  of  sorcery 
and  black  magic  involved.  For  years,  various  workers  have  pointed  out  the 
desirability  of  an  exact,  rigorous  method  of  synthesis.  Such  a  method  would 
start  from  the  general  specifications  of  what  the  system  is  to  accoa^lish. 

It  would  proceed  in  a  logical,  step-by-step  manner  to  a  detailed  description 
of  each  oos^onent  in  the  system.  Truxal  points  out  the  advantages  mich  a 
method  would  have  idien  he  describes  Guillemin*s  design  procedure. 

As  outlined,  Gkiilleiiin '  s  procedure  Involved  three  st^s: 

1.  The  closed- loop  transfer  function  is  determined  from  the  specifications. 

2.  correi^onding  open- loop  transfer  function  is  found. 

3»  The  appropriate  coo^ensatlon  networks  are  synthesized. 

Iftifortunately,  in  practice  this  procedure  is  not  always  easily  carried  out. 

The  first  difficulty  is  that  there  is  not  oooqplete  freedom  in  setting  an  open- 
loop  transfer  function*  Muiy  times  it  is  highly  desirable  to  use  certain  com¬ 
ponents  which  happen  to  be  on  hand  or  are  easily  obtainable.  Now,  if  it  could 
ever  be  shown  rigorously  that  one  must  have  CQiig)lete  freedom  in  setting  the 
open- loop  transfer  function  or  else  it  is  iagposslble  to  solve  the  problem,  then 
this  difficulty  would  be  ended.  Design  engineers  would  merely  tall  those  who 
control  tno  purse  strings  that  a  coovonent  with  certain  characteristics  is 
needed,  and  never  mind  the  fact  that  we  have  a  warehouse  full  of  black  boxes 
which  are  almost  the  same.  However,  there  are  too  many  instances  where  an 
engineer  had  to  make  do  with  what  he  had,  and  succeeded  brilliantly  with  a 
trial-and- error  technique,  for  such  a  story  to  be  believed.  This  points  up 
the  second  big  difficulty  with  the  procedure  outlined  above. 

The  fact  that  there  is  not  eGBq)lete  freedem  in  setting  the  open- loop  transfer 
function  means  that  there  is  not  caaplete  freedom  in  setting  the  closed- loop 
transfer  function.  £n  turn,  this  msy  mean  that  a  proposed  closed- loop  response 
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which  is  deteimined  in  step  one  above  may  be  incooqpatible  with  the  con5)onents 
which  are  cdready  in  the  system.  Since  it  is  possible  to  succeed  in  spite  of 
this  inconqpatibility  by  coming  up  with  a  system  which  fulfills  the  requirements 
of  the  general  specifications  on  the  system,  this  shows  that  the  present  methods 
of  translating  general  system  specifications  into  closed- loop  transfer  functions 
are  not  perfectly  satisfactory.  Often,  any  system  out  of  a  large  class  of 
possible  systems  would  turn  out  to  be  capable  of  doing  the  job  which  is  requj.red 
to  be  done,  in  a  perfectly  acceptable  manner.  What  I  am  saying  is  that  you  have 
to  know  what  you  want  before  you  start.  Semetimes  in  an  effort  to  pin  things 
dovn  precisely,  on^  makes  the  mistake  of  pinning  down  the  wrong  thing  too 
precisely.  Much  later,  it  is  disccjvered  that  a  certain  specification  can  be 
relaxed  with  no  detriment  of  system  performance. 

•nils  paper  proposes  a  new  approach  to  the  philosophy  of  design  of  feedback 
systems.  In  the  past,  most  techniques  would  attempt  to  start  with  open- loop 
characteristics  and  work  towards  closed- loop  or  visa  versa.  Usually  some  sort 
of  step-by-step  procedure  was  required,  involving  trial- and- error  or  one 
operation  after  another  in  some  long  sequence.  Difficulties  arose  because  the 
results  of  any  one  step  might  require  backing  up  and  modification  of  an  earlier 
step.  The  new  approach  suggested  here  would  avoid  this  by  doing  everything  in 
one  shot.  Write  down  exactly  what  job  you  want  the  system  to  do.  Include 
everything  which  is  essential,  but  don*t  put  in  any  requirements  which  are 
arbitrary  or  urjiecessary.  Write  down  the  characteristics  of  the  components 
you  have  available  to  do  the  job.  Now  translate  everything  you  have  written 
down  into  mathematical  equations.  You  now  have  a  set  of  simultaneous  equa¬ 
tions  describing  the  requirements  on  the  system  and  the  conqponents  available. 
Provide  sufficient  variables  in  the  system  parameters  so  that  the  number  of 
variables  equals  the  number  of  equations.  Now  solve  the  set  of  equations 
simultaneously  and  the  job  is  done. 

It  is  the  purpose  of  this  paper  to  attempt  to  survey  the  present  state  of 
the  art  of  the  synthesis  of  linear  feedback  control  systems  and  to  point  out 
those  areas  in  which  a  number  of  loose  ends  have  been  left  dangling.  Present 
procedures  can  be  inqproved  by  achieving  the  ability  to  formulate  general 
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desired  results  into  exact  analytical  relationships*  Once  such  relationships 
are  obtsLined^  a  digital  cosqputer  can  take  it  from  there*  Although  the  whole 
field  still  requires  more  study^  one  step  in  the  procedure  has  been  made  much 
more  exact  by  the  development  of  a  new  tool. 

This  new  tool  is  the  ability  to  specify  the  exact  location  of  any  desired 
nuBher  of  closed* loop  poles.  All  of  the  closed* loop  poles  of  the  system  may 
be  specified^  or  only  part  of  them^  as  desired.  The  necessary  cosq^sation 
is  not  detemined  by  a  trial*and*error  or  iterative  method^  but  by  an  exact 
procedure  involving  the  solution  of  simultaneous  linear  equations.  The  method 
does  not  require  the  cancellation  or  nullification  of  fixed  poles  and  zeros 
already  in  the  system.  Instead,  it  makes  use  of  them  to  aid  in  producing  the 
desired  closed* loop  poles. 

The  mathematical  basis  of  this  procedure  will  be  presented  first  and  the  exact 
technique  will  be  explained.  This  will  be  followed  by  an  example  which  gives 
a  clear  indication  of  the  present  state  of  development  of  this  approach  to 
synthesis.  Finally,  a  number  of  possibilities  which  the  technique  opens  up 
will  be  surveyed  and  suggestions  for  future  development  will  be  made. 

MATHEMATICAL  DEVELQPMKHT 

It  is  assumed  that  we  are  given  a  feedback  system  of  the  fom  show:;  in  Figure  1. 
There  is  a  single  feedback  path  of  unity  gain.  Although  it  may  appear  that 
this  configuration  is  unduly  restrictive,  it  will  be  shewn  later  that  this  is 
not  the  case  and  other  configurations  will  be  considered. 

Let  be  the  actual  transfer  function  of  the  closed- loop  system.  Do  not 
speciiV  this  function  exactly  but  leave  it  adjustable.  Fixed  elements  (the 
so*called  ‘plant* )  are  already  present.  Let  ^  the  transfer  function  of 
the  plant.  The  desired  closed- loop  transfer  function  is  given  as  W(s).  The 
problem  is  to  detennine  the  compensation  and  gain  which  will  result  in  a 
closed- loop  system  having  a  transfer  function  which  approximates  V(s}  as 
closely  as  possible.  Let  be  the  transfer  function  of  the  compensation 
which  is  to  be  determined,  including  the  gain. 
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Pint  of  all,  ve  know  that 


Multiplying  out  and  solving  for 


Eq.  1 


Sq.  2 


Tbla  says  that  If  there  are  to  be  no  CGO^rcinlses  or  restrictions  on  V(s)| 
Bust  cancel  out  the  poles  and  zeros  of  the  plant  and  Insert  new  ones  to 
provide  the  exact  specified  response.  In  the  usual  case,  such  a  procedure 


Is  undesirable.  In  ccoq>roinlse,  one  Is  usually  willing  to  restrict  or  modify 
V(s)  so  as  to  be  coc^atlble  with  the  system  and  still  approximate  the  exact 
desired  response  closely. 


kA  was  already  pointed  out,  usually  the  specification  of  an  exact  function 
of  B  for  V(s)  proves  to  be  too  stringent  and  unnecessarily  strict.  Actually, 
there  are  a  whole  class  of  response  functions  which  will  all  meet  the  real 
requirements  on  the  system  equally  well.  Ihe  problem  Is  In  translating  the 
real  requirements  Into  some  sort  of  specification  on  V(s)  which  Is  sufficiently 
strict  without  being  unnecessarily  so. 


Repeating  Equation  2, 


T 


In  ordar  to  Mti.fy  this  aquation,  althar  b(a)  or  V(.)  muat  contain  m(.)  as 
a  factor.  Hiat  Is,  tha  opan*lopp  flxad  taros  factors  of  iB(a^  Bust  althar 
ha  caLoallad  hy  coapansatlon  polas  factors  of  h(s)nor  else  aust  appear  as 
closed-loop  taros  ^factors  of  the  numerator  of  V(a}  J.  niere  Is  no  other 
alternative.  Since  tha  use  of  cancellation  Is  undeslimhla,  and  In  fact  un- 
naoassaiy  ia  vlav  of  vhat  was  said  about  approxlaatlon  techniques,  ve  vlll 
allov  the  open- loop  taros  to  appear  as  closed- loop  taros. 


Eq.  2 
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Is  order  to  eoatinue,  replace  V(e)  In  Stuatica  Z  bjr 


N(a 


IMS  gives 


The  rectors  of  n(s)  ere  the  open- loop  fixed  poles.  In  order  to  satisfy 
Squation  3#  either  a(8)  contains  n(8)  as  a  factor,  which  means  that  oom- 
pensation  zeros  cancel  plant  poles,  or  else  H(s)  -  D(s)  contains  n(s)  as 
a  factor.  It  is  not  necessary  for  N(s)  sad  D(s)  separately  to  contain 
n(s)  as  a  factor,  but  only  that  their  difference  contains  it. 

Ttm  feet  that  opa>lopp  seres  iqipear  as  clssed^loop  zeros  and  the  fact  that 
l(s)  -  D(8)  must  contain  n(s)  as  a  factor  are  the  constraints  placed  upon 
the  closed- loop  resjicnse  by  the  fixed  open- loop  poles  and  zeros.  As  it 
turns  out,  there  is  still  pl.uty  of  freedom  in  setting  the  closed- loqp 
reipoose  . 

Since  ve  have  Just  decided  that  it  will  be  acceptable  for  open- loop  zeros 
to  appear  as  closed-loop  zeros,  ve  may  write 

!(•)  •  »(8)«(i) 

8ub*titutlne  this  into  B^uatlon  3  yields 


OnoalUac  fMtori  vtwre  poMiblc  Imda  to 
1  n(e) 

bR  “  virfiiiRsj 

or,  finally,  after  rearranging. 


Bq.  3 


Eq.  k 


■q.  5 


Xq.  6 


D(.) 


a(B)B(s)  +  b(i)n(a) 


Eq.  7 
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Th«  aynthtfis  problem  nov  becomes  oae  of  finding  the  coapensation  such 
that  l^uations  k  ami  7>  plus  other  equations  derired  from  transient-  or 
frofyemoy-response  requirementSi  are  satisfied.  Such  a  set  of  equations 
might  be  satisfied  exactly  in  some  cases^  or  in  a  mean- square- error  sense 
in  other  oases. 


In  ogrder  to  see  hov  this  procedure  may  be  carried  out^  let  us  assume  that  ve 
do  not  care  vhere  the  closed- loop  zeros  of  the  system  are^  hut  that  ve  wish 
to  specify  emcrtly  all  or  part  of  the  closed- loop  poles.  Notice  that  doing 
this  does  not  specify  the  resulting  elosed»loop  response^  because  in  the 
process  of  ccmpensation  additional  open- loop  zeros  will  be  added  to  the 
system.  These  zeros  vill  also  become  closed- loop  zeros,  and  may  have  a 
significant  effect  on  the  resulting  closed- loop  response.  Ihere  are  no  spec¬ 
if  ieations  upaa  the  closed- loop  response  other  than  that  the  exact  locations 
of  the  closed^loop  poles  are  specified.  Having  seen  hov  to  obtain  a  solution 
for  this  case  vlll  give  us  insight  into  other  cases  vhere  different  specifications 
are  placed  on  the  closed- loop  response. 

first,  provision  must  be  made  for  the  cases  vhere  only  part  of  the  closed- loop 
poles  are  specified,  end  part  are  left  unspecified.  Let  ^(s)  be  closed- loc^ 
poles  whose  locations  are  to  be  specified.  Let  x(s)  be  the  rjamaining  closed- 
loop  poles  whose  locations  are  undetermined  at  the  outset. 

Rewrite  Equation  7  vith  this  notation. 

D*(8)x(s)  *  a(8)m(8)  +  b(8)n(8)  Eq.  8 

Let  the  number  of  fixed  plant  zeros  »  J  «  the  degree  of  m(8) 

Let  the  number  of  fixed  plant  poles  -  k  =  the  degree  of  n(B) 

Let  the  number  of  specified  closed- loop  poles  »  r  *  the  degree  of  D'(b) 

Let  the  number  of  unspecified  closed- loop  poles  *  d  =  the  degree  of  x(s) 

Let  the  number  of  coisqpensation  zeros  «  q  «  the  degree  of  a(s) 

Let  the  niaber  of  compensation  poles  «  p  »  the  degree  of  b(8) 

Ihe  quantities  J,  k,  and  r  are  known  at  the  outset.  The  quantities  d,  p,  and  q 
are  not  yet  known,  although  some  relatione  concerning  them  will  be  derived 
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shortly.  All  of  the  various  factors  may  be  nmltiplied  out  to  obtain  polynomials 
of  the  following  fonn: 


The  coefficients  of  m(8),  n(s),  and  D*(s)  are  all  numerical,  because  the 
factors  of  these  functions  are  all  known  at  the  outset.  The  coefficients  of 
x(s),  b(s).  and  a(s)  all  unknown,  and  are  left  as8\zmed  in  literal  form. 
Note  that  a(s)  and  b(s)  are  the  only  polynomials  which  have  leading  terms 
whose  coefficients  may  be  different  from  unity.  These  coefficients  provide 
for  the  Bode  gain  of  the  conqpensation. 


^fliese  polynomials  may  now  be  substituted  into  Equation  8,  and  the  indicated 
multiplications  actually  performed.  The  coefficients  of  the  various  powers 
of  s  on  either  side  of  Equation  8  will  now  be  combinations  of  literal  and 
nximerical  terms.  The  coefficients  of  like  powers  of  s  on  each  side  of  the 
equation  eire  then  separately  equated.  This  will  lead  to  (r  +  d)  linear 
simultaneous  equations,  which  may  be  solved  for  the  coefficients  of  a(6), 
b(B),  and  x(s) .  The  fact  that  these  slraultaneous  equations  will  always  be 
linear  must  be  emphasized.  Having  obtained  numerical  values  for  these 
coefficients,  the  polynonials  a(s),  b(s),  and  x(8)  may  now  be  reconstructed 
and  factored.  These  factors  will  be  the  poles  and  zeros  of  the  oocqpensaticxi, 
and  the  remaining  closed- loop  poles.  TiiUB,  in  this  case,  an  exact  solution 
is  obtained  for  the  required  locations  of  the  poles  and  zeros  of  the  com¬ 
pensation  network. 
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Nc3Kr,  notice  that  the  highest  pover  of  s  on  the  left-hand  side  of  Equation  6 
vill  be  the  (r  +  d)  power.  Ihus,  there  will  be  (r  +  d  +  l)  teime  on  the  left- 
hand  side.  Since  the  highest  power  of  s  will  always  have  a  coefficient  of 
ixnlty,  no  equation  may  be  obtained  froa  this  tern  except  in  one  special  case. 
All  of  the  rest  of  the  tems  will  yitld  useful  equations,  tttierefore,  there 
will  be  (r  -f  d)  sixnultaneous  equations  in  all  cases^  with  one  exception. 

There  are  d  unknown  coefficients  in  x(s),  p  or  (p  +  l)  unknown  coefficients 
in  b(a)^  and  q  or  (q  l)  unknown  coefficients  in  a(8)«  The  total  number 

of  open-loop  poles  in  the  final  system  will  be  (p  k).  Th^  total  number 

of  open- loop  zeros  in  the  final  system  will  be  (q  +  j)*  The  total  number 

of  closed- loop  poles  in  the  final  system  must  equal  (p  +  k)  or  (q  +  j), 

whichever  is  greater. 

If  (p  +  k)  is  greater  than  (q  +  j),  the  complete  term  on  the  right-hand  side 
of  Equation  8  involving  the  highest  power  of  s  will  be  bpS^s^,  The  hipest 
power  of  8  on  the  left-hand  side  of  the  equation  will  have  a  coefficient  of 
\inity.  Thus,  whenever  (p  +  k)  is  greater  than  (q  +  j),  we  must  have  b^  «  1. 
Since  this  can  easily  be  seen  at  the  outset,  there  is  no  point  in  earring 
along  this  extra  equation,  which  is  why  it  was  stated  that  there  are  (r  4-  d) 
equations  instead  of  (r  4-  d  +  l).  Also,  notice  that  in  this  case,  the  leading 
coefficient  of  a(s),  a^,  is  still  an  unknown. 

Similarly,  if  (q  +  j)  is  greater  than  (p  +  k),  it  Is  seen  that  a^  vill  be 
unity  and  b^  will  be  unknown.  In  this  case,  there,  are  still  (r  +  d)  equations. 

In  the  special  case,  when  (p  +  k)  *  (q  +  j),  both  b^  and  a^  will  be  unknowns. 
There  vill  be  an  extra  equation,  namely,  b^  +  a^  =  1.  However,  in  this  case 
there  is  also  an  extra  unknown. 

(Hxerefore,  in  all  cases  but  one,  there  will  be  (r  +  d)  simultaneous  equations 
and  d  p  ^  q  ^  1  unknowns.  In  the  one  special  case  when  (p  k)  =*  (q  ^  j), 
there  will  be  (r  +  d  l)  simultaneous  eqimitions  and  d  4  p  +  q  +  2  unknowns. 

In  any  event,  in  order  to  obtain  an  exact  solution,  it  is  clear  that  it  is 
necessary  to  have 
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p-i-q=r-l  Eq.  9 

This  says  that  the  total  number  of  ccmipenBation  poles  plus  zeros  must  be  one 
less  than  the  number  of  closed- loop  poles  which  are  to  be  specified. 

Let  us  consider  some  of  the  isqplications  of  Equation  9*  Eor  si]iq)licity,  let 
us  eissume,  as  is  always  the  case  in  any  physiccLl  system,  that  the  number  of 
open- loop  poles  in  the  plant  exceeds  the  number  of  plant  open- loop  zeros; 
i.e.,  J.  Now,  let  us  also  assume,  for  the  same  reason,  that  the  number 
of  poles  in  the  compensation  is  at  least  equal  to  or  else  greater  than  the 
nxaaber  of  compensation  zeros.  That  is,  p  ^q.  Then,  the  total  number  of 
closed- loop  poles  will  be  (p  +  k).  We  must  have  p  +  k  =  r  +  d.  Suppose 
that  we  want  to  specify  the  locations  of  all  of  the  closed- loop  poles  in  the 
resulting  system.  Then,  d  =  0,  and  p  +  k  =  r.  Substituting  this  into 
Equation  9  shows  p+q=p+k-l,  or 

q  =  k  -  1  Eq.  10 

The  number  of  zeros  in  the  compensation  must  be  one  less  than  the  number 
of  poles  in  the  plant.  Since  it  was  stated  above  that  p  ^  q,  we  also  have 

p  ^  k  -  1  Eq.  11 

Provided  that  Equations  10  and  11  are  satisfied,  we  can  always  specify  the 
exact  location  of  every  resulting  closed- loop  pole  of  the  system.  This  is 
sort  of  a  handy  thing  to  be  able  to  do. 

In  the  case  presently  under  consideration,  we  have  placed  no  other  restrictions 
on  the  system  than  that  the  locations  of  the  closed- loop  poles  b?  specified. 

This  means  that  the  resulting  compensation  may  turn  out  to  be  of  unusual  form. 

For  instance,  it  may  be  required  that  compensation  poles  be  placed  in  the 
right  half  of  the  s-plane.  Of  course,  this  can  be  accomplished  by  using 
active  coB5)ensation  networks  which  produce  unstable  poles.  Since  we  have 
specified  the  locations  of  all  the  closed- loop  poles  of  the  over- all  system, 
if  these  were  all  specified  in  the  left-half  of  the  s-plane,  the  over-all 
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closed- loop  system  will  be  stable.  It  is  not  the  purpose  of  this  paper  to 
go  into  the  old  argument  of  whether  or  not  such  a  sltixatlon  is  desirable. 

If  cnly  part  of  the  closed- loop  poles  are  specified,  the  only  relations  we 
have  to  guide  us  are  p  +  q  «  r  -  1,  and  p  +  k  »  r  +  d  (still  assuming  that 
k  >  J  axid  p^q)#  Remember,  r  is  the  number  of  specified  closed- loop  poles. 
Vlthin  these  restrictions,  p  and  q  (the  number  of  coogpensatlon  poles  and  zeros 
reiq;>ectiYely)  may  be  chosen  anything  ve  want*  Ibis  means  that  there  exists  a 
variety  of  cosq^sation  networks  having  different  numbers  of  poles  and  zeros, 
at  different  locations,  which  will  all  produce  specified  closed- loop  poles 
in  exactly  the  same  locations.  It  can  easily  be  seen  that  the  total  number 
of  such  networks  is  r.  In  all  of  these  networks,  the  only  thing  which  re¬ 
mains  constant  is  the  sum  of  the  number  of  poles  plus  the  n\imber  of  zeros, 
which  must  equal  r  -  1.  Of  course,  the  things  which  change  in  the  over-all 
closed- loop  system  are  the  locations  of  the  unspecified  closed- loop  poles. 

A  digital  ccn^uter  routine  has  been  set  up  at  Space  Technology  laboratories 
which  obtains  the  exact  solution  for  any  problem  in  which  the  only  require¬ 
ments  on  the  closed- loop  system  eire  the  locations  of  the  closed- loop  poles. 
This  digital  routine  has  proved  to  be  very  successful,  and  a  number  of 
problems  has  been  solved  through  its  use. 

PRACTICAL  APPIIGATION 


With  the  digital  coo5)uter  routine  presently  in  existence  at  Space  Technology 
Laboratories,  the  only  specifications  which  may  be  put  on  the  system  are  the 
desired  locations  of  closed- loop  poles,  and  the  number  of  coopensation  poles 
to  be  used  (note  that  specifying  the  number  of  cGDq;>en8ation  poles  also 
specifies  the  number  of  cooqpensation  zeros).  The  routine  then  obtains  the 
exact  solution.  At  present,  when  it  is  desired  to  place  other  constraints 
on  the  system  (e.g.,  stability  requirements,  residues,  etc.},  an  iterative 
or  trial-and-error  technique  must  be  es^loyed. 
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The  most  successful  technique  so  far  along  these  lines  has  been  found  to  be 
one  In  i^ch  more  closed- loop  pole  locations  are  initially  specified  than 
are  actually  desired.  After  the  solution  to  this  is  obtained,  the  ccii5>en- 
sation  is  gradually  siiqplified  \mtil  an  acceptable  result  is  obtained.  In 
such  cases,  the  only  requirement  on  some  of  the  closed- loop  poles  is  that 
they  be  stable.  However,  their  exact  locations  must  initially  be  specified 
in  order  to  use  the  cciiq>uter  routine.  It  usually  turns  out  that  these  closed- 
loop  pole  locations  are  somewhat  critical  in  that  they  have  a  drastic  effect 
on  the  CQii5>ensation  required.  Sometimes  it  is  necessary  to  make  several 
CGnq)uter  runs  for  the  same  problem,  varying  slightly  a  few  of  the  closed- loop 
pole  locations  from  run  to  run.  Usually,  eidditloned  information  is  available 
at  the  start  which  aids  in  making  a  vise  choice  for  the  closed- loop  pole 
locations  Initially  specified*  In  all  cases,  general  trends  are  easily 
observed  after  one  or  two  runs.  Since  a  problem  involving  fifteen  or  twenty 
closed- loop  poles  only  requires  about  eighty  seconds  of  machine  time,  this 
procedure  is  considered  to  be  quite  practical. 

For  exanqple,  look  at  the  root-locus  plot  in  Pigxire  2.  IMs  is  a  root- locus 
plot  of  a  typical  autopilot  for  a  ballistic  missile.  The  locations  of  the 
open- loop  poles  and  zeros  and  the  closed- loop  poles  Eire  tabulated  below  the 
figure. 

Ttie  large  number  of  poles  and  zeros  results  from  all  of  the  dynamic  effects 
which  must  be  considered  for  an  accurate  study.  The  missile  in  flight  be¬ 
haves  like  a  bending  beam,  and  this  gives  rise  to  bending  modes  at  various 
frequencies  which  lie  within  the  pass  band  of  the  autopilot  unless  8uJ.table 
filtering  is  used.  The  dynamics  of  the  hydraulic  actuators,  the  rate  gyro, 
and  various  other  effects  must  be  included.  A  detailed  description  of  these 
effects  is  not  necessary  for  this  exaaqple. 

Incidentally,  it  may  be  of  interest  to  mention  how  the  open- loop  poles  and 
zeros  were  determined.  A  set  of  differential  equations  was  written  which 
includes  all  of  the  dynamic  effects  of  importance.  These  equations  were 
linearized  and  written  in  laplace- transform  form.  A  digital  computer  was 
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uaed  to  obtain  the  open- loop  poles  and  zeros  from  the  set  of  simultaneous 
eqmtlons.  Another  digital  coBq)uter  routine  Is  used  which  znakes  root-locus 
plots  automatically  when  given  the  open- loop  poles  and  zeros,  A  digital 
coaqputer  is  necesseury  to  handle  the  tremendous  amount  of  computation  which 
Is  Involved  in  the  analysis  of  such  cooqplex  systems.  Similarly,  the  methods 
which  this  paper  describes  are  practical  only  when  there  is  recourse  to  a 
digital  computer. 

Of  the  open- loop  poles  and  zeros  in  Figure  2,  the  majority  were  placed  not 
by  choice  but  by  fate.  This  system  must  now  be  cooipensated  in  order  to 
provide  suitable  closed- loop  response.  The  specifications  on  the  closed- 
loop  response  are  rather  broad,  and  ta^e  somewhat  the  following  form: 

First  of  all,  the  system  must  be  stable.  Next,  the  bandwidth  must  be 
high  enough  to  provide  sufficiently  rapid  response  to  guidance  commands 
and  to  maintain  tight  control  i  the  presence  of  external  i;q)setting  torques, 
such  as  wind  gusts.  Finally,  the  bandwidth  must  be  low  Enough  so  that  high- 
frequency  noise  is  no  problem. 

In  Figure  2,  the  dominant  closed- loop  poles  are  the  conjugate  complex  pair 
at  s  »  •I#62  +  J5»837  aJid  s  =  -1.62  -  J5*837«  These  are  termed  the  rigid- 
body  poles  of  the  system.  Their  location  is  chosen  to  yield  acceptable 
transient  response.  The  only  requirement  on  the  rest  of  the  closed- loop 
poles  is  that  they  be  stable.  Essentially,  the  only  compensation  in  the 
system  is  the  zero  at  s  =  -2.4^,  resulting  from  the  rate  gyro,  and  the 
pole  at  s  =  -23.8,  resulting  from  a  first-order  filter.  These  are  the 
only  critical  frequencies  of  the  syston  which  are  adjustable.  Additional 
conqpensation  elements  must  be  added  to  obtain  greater  adjustment. 

It  can  be  seen  that,  with  the  given  con5>ensation,  there  is  an  unstable 
closed- loop  pole  at  s  =  +3,47  +  J73.8I.  This  closed- loop  pole  comes  from 
the  first  bending  mode.  It  was  determined  by  the  method  which  this  paper 
described  that  the  rigid-body  response  could  be  Improved  and  the  first 
bending  mode  could  be  stabilized  by  using  a  filter  containing  a  pair  of 
conjugate  complex  poles  instead  of  the  simple  single  lag  filter.  One 
possible  solution  which  appears  quite  acceptable  is  shown  in  Figure  3, 


TR-59-0000-00781 

Hgit  13 


j 


Bgr  monrlng  the  rate  gyro  zero  to  s  «  -2.21,  ronoving  the  single  lag  filter, 
and  placing  filter  poles  at  s  «  -4.7  ^  JI9,  the  rigid  body  poles  are  moved 
to  -3.0  t  j6.0  and  the  first  bending  mode  pole  is  moved  to  s  *  -1.0  t  J73-0. 

The  cGopensation  vas  determined  by  the  digital  computer  program  idiich  requires 
as  an  input  the  desired  location  of  the  closed- loop  poles.  The  location  of 
these  closed- loop  poles  vas  found  to  be  critical.  If  the  bending  mode  closed- 
loop  poles  were  placed  at  s  *  -1.0  t  J75-0,  for  exaaple,  the  conputer  revealed 
that  it  is  tBpossible  to  vobtain  a  coapensation  network  using  only  two  poles  in 
the  left-hand  plane. 

The  difference  in  the  missile  response  between  having  the  first  bending  mode 
closed- loop  poles  at  s  »  -1.0  t  J73*0  and  having  them  at  s  *  -1.0  t  J75«0  is 
negligible.  Yet,  what  a  drastic  difference  it  makes  in  an  attenpt  to  deter¬ 
mine  an  acceptable  conpensation  netvorki  This  example  shows  the  need  for 
stating  clearly  at  the  outset  what  is  acceptable  and  what  is  not,  without 
over-constraining  the  problem. 

Let  us  think  about  this  exanple  some  more,  to  sec  how  the  transition  from 
the  unstable  system  in  Figure  2  to  the  stable  system  in  Figure  3  would  be 
accomplished  by  using  common  present  day  techniques.  The  requirement  is  to 
place  the  rigid-body  poles  at  s  *  -3.0  t  j6.0,  keeping  these  the  dominant 
pair  of  poles  in  the  system,  and  simultaneously  stabilize  the  first  bending 
mode  without  causing  anything  else  to  go  unstable. 

First,  the  design  engineer  would  have  to  guess  the  form  of  the  coopensation. 

A  little  trial  and  error  would  reveal  that  the  requirements  can  not  be  met 
with  only  one  pole,  no  matter  where  it  is  placed.  The  next  logical  guess 
would  be  to  use  two  poles,  and  the  engineer  would  noV  start  guesses 

about  their  location.  After  each  trial,  he  would  make  a  root- locus  plot  to 
see  how  close  he  hid  caie.  With  luck,  the  plot  would  reveal  information 
which  would  aid  in  making  the  next  guess  about  the  location  of  the  coopensation 
poles.  Eventually,  he  would  converge  upon  a  solution  ^mHar*  to  the  one  shown 
in  Figure  3.  Nov,  admittedly,  these  guesses  are  very  educated  guesses,  and 
there  is  a  fairly  systematic  procedure  which  one  can  follow  to  insure  that  a 
minimum  amount  of  time  will  be  wasted.  Still,  the  whole  approach  lacks  a 
certain  rigor  and  is  not  perfectly  satisfying. 
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The  procedure  which  was  actually  used  in  obtaining  the  compensation  shown  in 
Figure  3  will  now  be  described.  We  may  assume  that  Figure  2  is  on  hand  when 
we  start.  It  is  seen  that  increased  gain  and  phase  lead  is  required  at  low 
frequencies  in  03Pder  to  re-locate  the  rigid  body  poles.  On  the  other  hand, 
attenuation  and  phase  lag  is  required  at  the  first  bending  mode  frequency  in 
order  to  stabilize  this  pole.  Since  the  only  other  poles  which  are  in  danger 
of  going  unstable  are  at  high  frequencies  also^  we  may  assume  that  they  will 
sOLso  experience  attenuation  and  phase  lag.  From  examination  of  Figiire  2,  it 
appeeurs  that  a  reasonable  amount  of  j^se  lag  will  not  endanger  these  other 
poles,  and  attenuation  can  only  inprove  the  situation.  Thus,  it  should  be 
sufficiei'it  to  specify  only  the  desired  locations  of  the  rigid  body  and  first 
bending  node  closed- loop  poles,  and  let  the  other  closed- loop  poles  take  care 
of  themselves. 

So  far,  we  have  made  a  preliminary  analysis  edong  conventional  lines.  It 
is  at  this  point  that  the  new  approach  is  taken.  The  desired  locations  of 
the  rigid  body  and  first  bending  mode  closed-loop  poles  are  fed  into  the 
digital  conputer  routine  which  was  developed  from  the  methods  described. 

Since  only  four  closed- loop  pole  locations  are  being  specified,  it  is  known 
immediately  that  a  total  of  only  three  conqpensation  elements  is  required 
(i.e.,  three  poles,  two  poles,  and  one  zero;  two  zeros  and  one  pole,  or 
three  zeros).  The  gain  and  phase  lead  required  at  low  frequencies  can 
probably  be  obtained  by  relocation  of  the  rate  gyro  zero,  so  this  will  be 
included  as  part  of  the  canpen^r  tion.  This  leave  two  elements.  Now,  we 
requ^.re  attenuation  and  phase  lag  at  higher  frequencies,  and  we  know  from 
Figure  2  that  a  single  pole  does  not  provide  enough.  Thus,  one  zero  and 
two  poles  appear  to  be  the  best  choice. 

In  using  the  digital  computer  routine,  one  may  specify  all  of  the  closed- 
loop  poles  of  the  system,  or  one  may  specify  only  part  of  them  and  let  the 
conputer  find  the  rest.  The  type  of  conpensation  to  be  used  must  also  be 
specified,  so  the  cooputer  is  told  to  use  two  poles  and  one  zero.  The 
routine  then  coeputes  the  locations  in  the  s-plane  of  these  conpensation 
elements,  the  Bode  gain  required,  and  the  locations  of  all  the  remaining 
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unspecified  closed- loop  poles.  In  this  case^  the  rigid  body  and  first 
bcnditir  mode  closed-loop  poles  were  specified  at  the  locations  shown  in 
Figure  3,  and  the  coii5)uter  gave  the  restilt  to  relocate  the  rate  gyro 
zero  idiere  it  is  shown  in  Figure  3^  <u3d  to  insert  two  cooqplex  conjugate 
condensation  poles  where  they  are  shown  in  Figure  3*  This  result  is 
exeunt.  When  it  was  checked  by  using  conventional  root- loculi  techniques 
on  the  cooroensated  system,  the  rigid  body  and  first  bending  mode  closed- 
loop  poles  turned  out  to  lie  at  exactly  the  specified  frequencies.  As 
can  be  seen,  all  of  the  other  closed- loop  poles  remained  stable. 

Thus,  instead  of  requiring  an  iterative  trial- and- error  technique,  only 
one  coodutation  leading  to  an  exact  result  was  needed.  Although  only 
four  closed- loop  poles  were  specified  in  this  case,  there  is  no  limit 
to  the  number  which  could  have  been  specified  except  the  data  handling 
capabilities  of  the  machine.  Of  course,  the  cocdlexity  of  the  resulting 
condensation  would  increase  accordingly. 

Not/,  the  question  arises,  how  did  we  know  where  to  specify  the  closed- 
loop  polesT  The  question  of  incoodatibility  of  specifications  mentioned 
eeirlier  enters  here.  Fortunately,  it  turns  out  that  a  closed- loop  pole 
whose  location  is  critical  as  far  as  transient  response  aspects  of  the 
system  are  concerned,  will  generally  not  be  critical  in  determining  the 
condensation.  On  the  other  hand,  a  closed- loop  pole  whose  location  is 
critical  in  its  effect  in  determining  system  compensation  is  generally 
unimportant  in  regard  to  its  effect  on  transient  response.  .  This  is  because 
closed- loop  poles  which  are  important  to  transient  response  (so-called 
'dominant^  poles)  are  usually  located  relatively  far  away  from  any  open^ 
loop  poles  or  zeros  of  the  system,  and  thus  small  variations  in  their 
position  will  not  greatly  affect  the  gain  and  phase  pattern  required  in 
the  s-plane.  However,  simill  variations  in  their  positions  will  have  a 
considerable  effect  on  the  time  response  of  the  system.  Conversely, 
closed- locd  poles  which  are  unisdortant  to  transient  response  are  usually 
located  nearby  to  open-locd  poles  or  zeros.  This  means  that  small  variations 
in  the  location  of  such  closed- locd  poles  will  have  a  radical  effect  on  the 
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gain  and  pha^e  pattern  in  the  s-plane  which  is  required  to  produce  closed- 
loop  poles  in  the  specified  locations.  At  the  same  time,  these  variaticns 
in  location  will  have  a  negligible  effect  on  the  time  response  of  the 
system. 

Thus,  we  could  specify  that  the  rigid  body  poles  occur  at  *  -3-0  t  j6.0 
with  a  reasonable  amount  of  confidence  that  this  would  Cf  e  no  more  dif¬ 
ficult  a  conqpensation  problem  than  if  the  poles  had  been  specified  at,  say, 

8  *  -2.75  1  j6. 25.  On  the  other  hand,  as  mentioned  previously,  it  makes  a 
tremendous  difference  as  far  as  the  resulting  cc4i5)ensation  is  concerned 
exactly  where  we  specify  the  first  bending  mode  closed- loop  poles.  It  is 
exceedingly  desirable  that  the  two  coLipensation  poles  be  located  in  the 
left  half  of  the  s-plane.  It  is  also  desirable  that  the  closed- loop  poles 
which  resxilt  from  the  addition  of  these  open-loop  cooqpensation  poles  have 
no  detrimental  effect  on  the  transient  response  of  the  system.  These 
constraints  must  be  kept  in  mind  as  the  procedure  is  arried  out.  All 
too  often,  such  constraints  are  considered  only  subconsciously  instead  of 
being  euialytically  formulated  when  one  attempts  to  carry  out  a  solution. 

Being  aware  of  this  sitxiation  at  the  outset,  the  closed- loop  first  bending 
mode  pole  was  specified  to  lie  in  a  region  where  the  closed- loop  pole  would 
occur  if  approximately  90^  phase  lag  and  10  db  of  attenuation  were  added  at 
this  frequency.  Admittedly,  this  step  involves  an  element  of  judgment,  or 
tried-and- error,  or  even  guesswork,  and  implies  a  certain  anticipation  of 
the  compensation  at  the  beginning  of  the  problem.  In  a  sense,  one  difficulty 
has  been  traded  for  another.  Instead  of  guessing  at  the  form  of  the  com¬ 
pensation  and  solving  for  the  closed- loop  pole  locations,  we  nov  guess  at 
the  closed- loop  pole  locations  and  solve  for  the  compensation.  However,  the 
ability  to  do  this  proves  to  be  a  tool  of  major  importance  in  the  design  of 
feedback  control  systems,  as  apparently  until  now  there  has  been  no  way  to 
accQn5)liBh  this  exactly  without  resorting  to  cancellation  methods  when  a 
large  number  of  poles  and  zeros  are  involved. 


TR-59-0000-00781 

B^5e  17 


EjCTESfSiaii  OF  PRESENT  RESULTS 

A  number  of  possibilities  for  future  development  are  now  suggested  by  our 
present  knowledge.  First  of  all,  in  setting  up  the  set  of  simultaneous 
equations,  some  freedon  may  be  obtained  by  not  requiring  Equation  9  to 
be  satisfied. 

If  (p  +  q)  is  less  than  (r  -  l),  i^  is  in5>ossible  to  obtain  any  solution, 
because  there  are  more  equations  than  there  are  unknowns.  On  the  other 
hand,  when  (p  -t-  q)  is  greater  than  (r  -  l),  there  are  more  unknowns  than 
equations,  and  an  infinite  number  of  solutions  is  obtained.  In  this 
case,  there  is  a  whole  locus  of  points  which  are  acceptable  locations  for 
the  condensation  poles  and  zeros. 


The  possibilities  of  this  last  case  seem  most  intriguing.  Other  external 
equations  which  express  additional  constraints  may  now  be  added,  and  a 
solution  can  still  be  obtained.  Essentially,  this  says  that  if  you  use 
enough  cood^^s^'^^on,  you  can  do  almost  anything.  For  instance,  the 
residues  in  some  of  the  closed- loop  poles  coiild  be  specified,  or  the 
position,  velocity,  and  accelerations  could  be  specified. 


Suppose  that  we  have  specified  that  there  be  a  closed- loop  pole  at 

s  =  -s^,  and  we  also  want  to  require  that  the  residue  in  this  pole  be 

R  .  The  expression  for  the  residue  in  this  pole  is  (s  +  s  )  Si 
0  ^  ^  '  o'  D*(8)x(8) 


In  any  serve  system  with  an  open- loop  pole  at  the  origin,  the  velocity  con¬ 
stant  is  obtained  from  the  following  e^dression^: 


We  may  set  the  expressions  for  the  residues  in  some  of  the  poles  equal  to 
the  desired  values,  or  set  the  e^dresBion  for  the  velocity  constant  equal 
to  the  desired  value,  and  by  Including  these  relations  with  our  set  of 
simiiltaneous  equations  above,  additional  constraints  are  isdosed  by  means 
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of  which  ve  can  force  the  system  to  do  what  we  want  it  to  do.  Un¬ 
fortunately,  as  can  be  seen,  many  of  these  additional  constraint  relations 
turn  out  to  be  non-linear,  so  that  solution  of  the  resulting  set  of  sim¬ 
ultaneous  equations  becomes  more  difficult. 

It  may  be  noticed  from  Equations  10  and  11  that  the  number  of  con5>enBation 
poles  and  zeros  which  must  be  used  in  order  to  specify  the  location  of 
every  closed- loop  pole  of  the  system  is  uncomfortably  large.  Many  times, 
the  exact  locations  of  only  a  few  of  the  closed- loop  poles  of  a  system  are 
of  critical  inqportance.  The  requirements  on  the  rest  of  the  closed- loop 
poles  will  be  only  that  they  be  located  in  some  general  region,  or  it  may 
even  be  that  the  only  requirement  on  some  of  the  closed- loop  poles  is  that 
they  be  stable.  In  such  cases,  it  seems  that  it  sho\ild  be  possible  to 
reduce  considerably  the  ccn5>le^ty  of  the  compensation  network  required 
from  what  is  indicated  by  Equations  10  and  11. 


The  problem  here  is  one  of  deciding  at  the  outset  exactly  what  is  desired, 
€Lnd  then  writing  equations  which  will  constrain  the  system  to  do  what  is 
wanted  without  over- constraining  it.  This  is  not  always  easy  to  do.  and 
work  is  presently  \inderway  on  finding  suitable  techniques  for  accomplishing 
this.  One  approach  to  the  problem  which  appears  promising  could  be  based 
on  the  following  principles.  Suppose  that  the  exact  locations  of  a  few  of 
the  closed- loop  poles  are  to  be  specified,  and  the  only  requirement  on  the 
rest  of  the  closed- loop  poles  is  that  they  be  stable.  It  will  also  be 
required  that  the  poles  of  the  compensation  all  be  stable.  The  unspecified 
closed-loop  poles  are  the  factors  of  the  poJyncmial  x(s)  =  s^  +  1®^”^  * 

.  .  .  +  s^s  +  x^.  Split  this  polynomial  into  even  eind  odd  parts.  For  the 
satke  of  illustration,  let  us  assume  tiiat  d  is  an  even  number.  Then,  the 
even  part  of  x(s)  »  =  s^  +  .  .  .  .  +  x^s^  x^.  The  odd 


even' 


part  of  x(s)  *  ’ 

well  known  that  if  all  of  the  factors  of  x(s)  are  to  have  negative  reed  parts, 

then  the  factors  of  x  (s)  and  x  ,  ,(s)  must  lie  on  the  Jco  axis  and  must 

4  0^^  X  fs) 

alternate.  An  equivalent  statement  is  that  if  the  ratio  odd^  '  is  expanded 

X  Ts) 

even'  ' 


,d-3 


.  +  x^s*^  -f  x^s.  It  is 
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in  a  continued  fraction  eacpMsion,  all  of  the  terms  of  the  continued 

L 

fraction  must  have  the  same  sign.  These  facts  may  provide  the  basis 
for  writing  constraint  equations  which  co\ild  be  included  among  the  other 
simultaneous  equations  in  setting  up  the  problem.  One  interesting  point 
is  the  following;  If  the  ratio  ^odd^°^  is  treated  as  an  c^en-loop  transfer 

X  Ts) 

even'  ' 

function^  euid  it  is  assumed  that  a  xinity-gain  feedback  loop  is  closed  around 
this  function,  the  resulting  closed- loop  poles  will  be  exactly  the  factors 
of  x(8).  To  see  this,  write 


1  + 


^odd^ 


even 


^odd 


(a) 

^odd 


All  of  these  same  statements,  or  course,  also  apply  to  b(s),  or  to  any 
other  polynomicLl  whose  factors  we  wish  to  lie  in  the  left  half  of  the  s- 
plane.  These  ideas  are  presently  being  investigated,  and  it  is  expected 
that  the  fully  developed  techniques  will  be  presented  in  a  later  paper. 


Another  possibility  which  arises  is  that  of  changing  the  configxiration 
shown  in  Figure  1.  For  instance,  the  ccmpensation  may  be  placed  in  the 
feedback  path  instead  of  the  forward  path.  When  this  is  done,  the  re¬ 
sulting  closed- loop  poles  of  the  system  will  be  the  same,  but  the  closed- 
loop  zeros  will  be  different.  With  the  compensation  in  the  feedback  path, 
the  plant  zeros  will  still  be  closed- loop  zeros,  but  now  the  compensation 
zeros  -fill  not.  Instead,  the  closed- loop  zeros  occur  at  the  location  of 
the  conpensation  poles.  By  placing  part  of  the  condensation  in  the 
forward  path  and  part  of  it  in  the  feedback  path,  one  may  obtain  a  variety 
of  closed- loop  transfer  functions,  all  having  the  same  poles. 

Still  another  possibility  regarding  modifying  the  configuration  involves 
the  placement  of  smaller  feedback  loops  inside  of  the  over-all  feedback 
loop.  In  this  case,  the  compensation  poles  of  the  over-all  system  are 
identified  with  the  closed- loop  poles  of  one  of  the  inner  lopp«*  The 
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present  synthesis  procedure  may  now  be  used  to  detemine  the  con5)onents 
required  inside  the  Inner  loop  so  that  the  closed- loop  poles  of  the 
inner  loop  occur  at  the  locations  required  for  compensatian  poles  of 
the  over-all  system. 

Thus,  the  config\iration  assumed  in  Figure  1  is  not  unduly  restrictive 
after  all,  because  almost  any  configuration  may  be  obtained  by  suc¬ 
cessive  applications  of  the  present  method. 

CONCLUSIONS 


It  has  been  shown  how  the  locations  of  the  closed- loop  poles  of  a 
feedback  control  system  may  be  specified  and  the  necessary  canpen- 
sation  may  be  found.  This  compensation  does  not  require  the  use  of 
cancellation  or  nullification  of  open-loop  poles  and  zeros.  The  method 
is  exact  and  involves  nothing  more  difficult  than  the  solution  of  a 
set  of  simultaneous  equations.  The  next  problem  to  be  faced  has  been 
made  quite  clear  by  the  present  discussion.  This  next  problem  is  how 
to  specify  the  locations  of  the  closed- loop  poles  so  that  the  system 
meets  the  requirements  without  over- constraining  anything.  A  method  of 
getting  frcxn  general  specifications  to  mathematical  constraints  is  needed. 


The  results  achieved  so  far  represent  a  step  forward  in  the  development 
of  a  new  general  approach  to  feedback  system  synthesis.  The  philosophy 
is  to  write  down  everything  one  knows  about  the  system  €ind  the  require¬ 
ments  on  the  system  in  the  form  of  mathematical  equations  of  constraint. 
These  equations  must  be  carefully  formulated  in  order  to  insure  that  they 
will  require  the  system  to  do  what  you  want  it  to  do  without  placing  any 
unnecessary  or  impossible  constraints  on  the  system.  This  procedure 

yields  a  set  of  simultaneous  equations  concerning  the  poles  and  zeros 
N  ( s ) 

Some  of  these  poles  and  zeros  may  be  known  at  the  outset  and 


of 


D(s 


some  of  them  will  not.  Then  variables  are'  added  to  the  system  in  the 
form  of  poles  and  zeros  of  the  compensation  network  until  the  number  of 
variables  equals  the  number  of  equations.  When  the  equations  are  solved 
simultaneously,  a  solution  is  obtained  which  provides  the  poles  emd  zeros 
of  the  resulting  closed- loop  system  and  the  poles  and  zeros  of  the  com¬ 
pensation. 
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Let  US  see  what  might  be  done  about  translating  general  system 

requirements  into  mathematical  simultaneous  equations.  At  present, 

very  often  the  Job  the  system  is  to  do  is  stated  by  specifying  the 

transfer  function  of  the  system  in  the  form  of  a  Bode  plot  of  the 

frequency  response,  or  a  pole- zero  plot,  or  else  the  time  response 

to  some  transient  input.  Such  a  specification  is  almost  always  far 

too  restrictive.  It  forces  the  system  to  do  more  than  you  really 

want.  However,  as  a  point  of  departure,  one  might  assume  that 

W(s)  is  the  ideal  desired  transfer  function  of  the  closed- loop 

N(s) 

system  from  its  input  to  its  output.  <  is  the  actual  closed- 

1/^  s  j 

loop  transfer  function  of  the  systen. 


One  way  of  stating  the  requirements  on  the  time  response  would  be 
to  specify  an  envelope  rather  than  a  specific  function  of  time. 

Then,  as  long  as  the  inverse  Laplace  transform  of  is  a 
function  which  falls  inside  the  envelope,  the  requirements  are  met. 

Or,  by  Fourier  transform  methods,  the  envelope  in  the  time  dcmain 
could  be  converted  into  envelopes  of  magnitude  and  phase  measured 
along  the  Jcs  axis.  Then,  so  long  as  falls  inside  these  en¬ 

velopes,  the  requirements  will  be  met.  There  are  eOLso  various  means 
of  approximating  a  given  function  with  a  polynomial,  or  a  ratio  of 
two  polynomials,  or  a  ratio  of  two  polynomials  subject  to  certain 
constraints.  The  goodness  of  fit  may  be  prescribed  subject  to  various 
weighting  functions,  mean- square  error  criteria,  etc. 


Of  course,  this  part  of  the  procedure  still  needs  further  study  and 
at  present  it  is  necessary  to  work  from  both  ends  eind  try  to  patch 
things  up  in  the  middle.  However,  so  much  can  be  said  about  the  form 

N  ( g ) 

of  ?;rT  'this  process  is  more  systematic  than  the  usual  trial-and- 
error  procedui'e.  The  point  is  that  the  exact  expression  for  "V  i  is 
not  assumed  at  the  outset.  Some  adjustability  is  left  so  that  com¬ 
patibility  with  the  fixed  components  in  the  system  C€ui  be  assured. 

Even  though  this  compatibility  requirement  may  place  strong  constraints 


TR-59-0000-00781 
page  22 


8) 

upon  yp<>  there  are  approximation  techniques  available  \thloh  allow 
one  to  make  approach  the  ideal  desired  W(8)  quite  closely.  For 
example,  even  if  N(s)  were  CQnq)letely  specified  by  the  fixed  components 
of  the  system,  one  could,  still  obtain  an  acceptable  D(s)  by  such 
techniques  so  that  VCs)  is  well  approximated. 


Various  methods  along  these  lines  have  been  developed  in  connection 
with  the  synthesis  of  passive  networks,  which  might  be  applicable  here. 
Any  approach  in  which  the  problem  is  defined  by  a  set  of  simultaneous 
equations  and,  in  which  there  is  room  for  additional  equations  of 
external  constraint,  shoiild  be  quite  applicable  to  the  present  problem. 
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